Although gravitational radiation causes inspiralling compact binaries to circularize, a variety of astrophysical scenarios suggest that binaries might have small but non-negligible orbital eccentricities when they enter the low-frequency bands of ground-and space-based gravitational-wave detectors. If not accounted for, even a small orbital eccentricity can cause a potentially significant systematic error in the mass parameters of an inspiralling binary [M. Favata, Phys. Rev. Lett. 112, 101101 (2014)]. Gravitational-wave search templates typically rely on the quasicircular approximation, which provides relatively simple expressions for the gravitational-wave phase to 3.5 post-Newtonian (PN) order. Damour, Gopakumar, Iyer, and others have developed an elegant but complex quasiKeplerian formalism for describing the post-Newtonian corrections to the orbits and waveforms of inspiralling binaries with any eccentricity. Here, we specialize the quasi-Keplerian formalism to binaries with low eccentricity. In this limit, the nonperiodic contribution to the gravitational-wave phasing can be expressed explicitly as simple functions of frequency or time, with little additional complexity beyond the well-known formulas for circular binaries. These eccentric phase corrections are computed to 3PN order and to leading order in the eccentricity for the standard PN approximants. For a variety of systems, these eccentricity corrections cause significant corrections to the number of gravitational-wave cycles that sweep through a detector's frequency band. This is evaluated using several measures, including a modification of the useful cycles. By comparing to numerical solutions valid for any eccentricity, we find that our analytic solutions are valid up to e0 0.1 for comparable-mass systems, where e0 is the eccentricity when the source enters the detector band. We also evaluate the role of periodic terms that enter the phasing and discuss how they can be incorporated into some of the PN approximants. While the eccentric extension of the PN approximants is our main objective, this work collects a variety of results that may be of interest to others modeling eccentric relativistic binaries. This includes a consistent eccentricity expansion of the Newtonian-order polarizations and a comparison of quasi-Keplerian results with numerical simulations. In addition to applications in gravitational-wave data analysis, the formulas derived here could be of use in comparing PN theory with numerical relativity or self-force calculations of eccentric binaries. They could also be useful in the construction of phenomenological inspiral-merger-ringdown waveforms that include eccentricity effects.
(as is often the case in science). As discussed in Sec. I A below, there are some astrophysical scenarios that could produce binaries with eccentricities that are observationally relevant for ground-based detectors. Favata [11] has also shown that even very small eccentricities (e 0 6 × 10 −3 ) can cause detectable systematic parameter biases in binary neutron stars (NSs) if eccentric corrections are not incorporated in waveform templates.
Post-Newtonian waveform models for circular, nonspinning binaries admit simple analytic expressions in the frequency domain, allowing computationally efficient data analysis. However, eccentric waveforms are much more complex, especially at high post-Newtonian (PN) orders. These waveforms are computed via a quasi-Keplerian formalism [12] [13] [14] [15] [16] [17] that provides a semianalytic description of conservative PN eccentric orbits supplemented by a set of ordinary differential equations (ODEs) describing the radiative evolution of the orbital elements. For arbitrarily eccentric orbits, these waveforms must be computed by numerical evaluation of the ODEs supplemented with a root-finding procedure to solve the 3PN extension of Kepler's equation. 2 Fully analytic waveforms for eccentric binaries can be derived if one either ignores radiation reaction or other PN effects, or assumes that the eccentricity is small (see Sec. I B for further discussion). The primary purpose of this paper is to provide a simple extension of the standard circular PN approximants that consistently incorporate the leading-order effects of eccentricity. (PN approximants provide different but related approaches for computing the phase and frequency evolution of a gravitational-wave signal.) This simple extension is possible because one can analytically solve for the evolution of the eccentricity as a function of frequency [e(f )] to 3PN order if one assumes that the eccentricity is small.
The most important results of this paper are explicit formulas for the post-Newtonian approximants presented in Sec. VI. In the waveform phasing, these formulas are accurate to 3PN order [i.e., including relative corrections of O(v 6 ) where v is the relative orbital velocity] and to O(e 2 0 ) (where e 0 is the eccentricity at a reference frequency f 0 ). For example, the orbital phase of the binary can be expanded as φ = φ c − 1 32ηv 5 where v = (πM f ) 1/3 , v 0 = (πM f 0 ) 1/3 , f is the observed GW frequency, M = m 1 + m 2 is the total binary mass, η = m 1 m 2 /M 2 is the reduced mass ratio, and φ c is the phase at coalescence. The above formula (and the other related PN approximants) are known to 3.5PN order [O(v 7 )] in the circular terms (first line above). The low-eccentricity corrections (our main results) are listed schematically on the second line. The leading-order (Newtonian) term was computed in Ref. [18] and extended to 2PN order in Refs. [11, 19] . Here, we extend those derivations to 3PN order and to all the standard PN approximants (TaylorT1, TaylorT2, TaylorT3, TaylorT4, and TaylorF2). Readers wishing to get immediately to the main results can skip to Sec. VI. Of particular interest is the TaylorF2 approximant [Eq. (6.26) ], which provides a fully analytic representation of the Fourier transform of the GW signal in the stationary phase approximation (SPA). Because there is no need to numerically solve ODEs or compute a Fourier transform, this formula is particularly useful for computationally intensive data analysis applications. In Sec. VIII, we compare our leading-order eccentricity phasing with a numerical calculation of the phase evolution that does not assume small eccentricity. We estimate that our analytic formulas are valid for e 0 0.1 for comparable-mass binaries and e 0 0.01 for extreme-mass-ratio binaries. (The precise limits depend on the system masses. Note that for extreme-mass-ratio systems, the PN series converges slowly.)
To quantify the relative importance of the different PN correction terms, we compute in Sec. VII several variants of the number of cycles contributed from each PN term for different binary systems. For example, Table I displays the contribution to the number of GW cycles ∆N cyc from circular and eccentric PN terms for a binary neutron-star system in the LIGO band (assuming e 0 = 0.1 at 10 Hz). Using the crude criterion that contributions ∆N cyc ∼ O(1) are potentially significant, we see that eccentric corrections through 2PN order are significant for this system, while those at 2.5PN and 3PN orders are not. Other measures, such as the number of "useful" cycles or the contribution to the phase of the Fourier transform are discussed in more detail in Sec. VII.
Our objective is to provide waveforms that are only marginally more complex than circular ones yet consistently incorporate the effects of eccentricity. It is therefore important to understand the approximations that enter our analysis. Our approximants incorporate only the secular contribution to the phasing; there are also oscillatory contributions to the phasing that we do not include. These oscillatory contributions arise from two sources: (i) Even Newtonian elliptical orbits have an instantaneous orbital frequencyφ that varies along an orbit. This is simply the TABLE I. Post-Newtonian contributions to the number of gravitational-wave cycles ∆Ncyc for a NS/NS binary in the LIGO frequency band. This is computed from the orbital phase via ∆Ncyc = [φ(f2) − φ(f1)]/π. The first column lists the postNewtonian order and the type of term: "circ" refers to the quasicircular contributions at that PN order, while "ecc" refers to the leading-order eccentric terms that are computed here. The binary enters the LIGO band at f1 = 10 Hz. We truncate the signal at f2 = 1000 Hz. The NS masses are m1 = m2 = 1.4 M . We assume an initial eccentricity of e0 = 0.1 at a reference frequency f0 = f1 = 10 Hz. These values can be scaled to other eccentricities by multiplying by ( statement that the binary phase angle evolves faster close to periastron and slower near apastron.
(ii) In addition to slow secular changes of the orbital elements, the radiation reaction force also induces periodic oscillations in the orbital elements. We show in Sec. V that (ii) does not affect the phasing until 5PN order. While (i) affects the phasing at 0PN order, we show in Sec. V that it does not contribute more than ∼ O(1) cycle to the GW phase. We also briefly discuss how these oscillatory terms can be incorporated into the PN approximants. A more detailed treatment of this effect will be discussed in future work. Aside from these oscillatory terms (which we have shown to be small), all other PN effects are consistently incorporated into our phasing formulas at 3PN order and O(e 2 0 ) in eccentricity. Another important approximation arises from our treatment of the GW polarization amplitudes. Our amplitudes are accurate only to leading order in v/c; i.e., they are Newtonian-order accurate and contain no relative PN amplitude corrections. Furthermore, they contain no eccentric corrections to the amplitude. In other words, our polarizations have the form h +,× = A +,× v 2 cos 2(φ − Φ +,× ), where Φ + = 0, Φ × = π/4, and A +,× are constants depending on the masses, orbit inclination, and source distance. Our eccentric corrections only enter the waveform in the phasing φ(t) and the evolution of v(t); our waveforms only oscillate at twice the azimuthal orbital frequency ω φ . In Appendix A, we provide a detailed derivation of how eccentricity affects the polarization amplitude at Newtonian order (but including the effects of periastron precession). In addition to O(e 2 ) corrections to the functions A +,× , eccentricity also introduces terms of order O(e) that oscillate at multiples of the radial orbit frequency ω r and at frequencies 2ω φ ± jω r , where j = 1, 2, 3, · · · . In the context of our analysis, these eccentric amplitude corrections will be unimportant because our waveforms are already restricted to small eccentricities (e 0 0.1), and small corrections to the waveform amplitude are known to be much less important than small corrections to the phasing.
We emphasize that our objective is to obtain waveforms which are only marginally more complex than circular waveforms, while incorporating eccentricity effects to the highest PN order available. We are further motivated to focus on the small-eccentricity limit for the following reasons: (i) Because GW emission tends to circularize binaries, it seems more likely than not that any class of GW sources will have more detectable events that are closer to very small eccentricities than to moderate or large eccentricities; (ii) while other studies have computed waveform corrections to higher orders in eccentricity than we provide, these calculations were not fully consistent in the PN approximation or did not include effects like periastron precession [20, 21] . Considering our limitation to binaries with small eccentricity, we envision our results as being applicable to the following situations:
(a) Studies that examine the systematic parameter bias of ignoring a small residual eccentricity (e.g., Ref. [11] ) or that wish to otherwise quantify (in a computationally efficient manner) the effect of small orbital eccentricity. While we are primarily concerned with applications to ground-based GW detection (LIGO/Virgo/Kagra/ET), our results could also be applied to studies concerned with sources for the Laser Interferometer Space Antenna (LISA, [22] ) or Pulsar Timing Arrays (PTAs, [23] ).
(b) To set limits on the orbital eccentricity of future candidate GW signals from nearly circularized binaries.
(c) As a tool to help reduce orbital eccentricity in numerical relativity (NR) simulations.
(d) To provide formulas that may be of use in studies that compare NR or gravitational self-force (GSF) [24] [25] [26] [27] [28] [29] [30] calculations to analogous post-Newtonian results.
(e) To extend phenomenological inspiral-merger-ringdown models [31] [32] [33] [34] [35] [36] [37] to incorporate eccentricity effects.
In addition to the primary results summarized above, this paper also has the following secondary objectives and results:
1. While our focus is the low-eccentricity limit, we provide a clear discussion of how to apply the full quasiKeplerian formalism to generate waveforms for arbitrary eccentricity. While some of this is discussed elsewhere in the literature, we feel that the transparency of our presentation will be useful to researchers and students who need to model PN corrections to eccentric orbits. By showing how the small-eccentricity limit arises from the full quasi-Keplerian formalism, the approximations implicit in our analysis are made more clear. Our presentation also provides a guide for extending our results to higher order. In particular, Sec. II and Appendix A discuss our notation and derive the waveform polarizations at Newtonian order and to O(e 3 ) in the eccentricity (properly accounting for precessing orbits which display two fundamental orbital frequencies). Via a 3PN accurate inversion of Kepler's equation, we show how the polarizations can be expressed as explicit functions of time in an expansion in eccentricity [see e.g., Eqs. (A2) and (A4)]. A detailed description of the orbital motion and phasing (in the absence of radiation reaction) is discussed in Sec. III. This includes a reduction to the Newtonian case (Sec. III A), which helps elucidate the meaning of many of the quantities that enter the quasi-Keplerian formalism. Section IV extends this to the case where radiation reaction is present, including an explicit evaluation of the periodic oscillations that are induced in the orbital elements (Sec. IV A) along with their secular variations (see Appendix B for the general eccentricity case and Sec. IV B for the low-eccentricity limit). These equations are then used to analytically determine how the eccentricity secularly evolves with frequency in the small-eccentricity limit (Sec. IV C). This result is used to derive (in Sec. IV D) several explicit formulas for the secular orbital phase and time to coalescence as a function of frequency, along with explicit functions of time for the frequency and eccentricity evolution. Most of the PN approximants can be read off of the results in that section (or independently derived from the orbital energy and GW luminosity as in Sec. VI). We also show in Sec. VIII and Appendix D how the secular piece of the orbital phasing as a function of the orbit frequency can be computed for arbitrary eccentricity via the numerical solution of two coupled ODEs.
2. Section III D provides a discussion of the region of validity of the quasi-Keplerian formalism. Earlier work [15] (before the NR era) provided an argument for setting a particular upper frequency limit (or a minimum orbital separation) for which the formalism should be valid. By comparing with more recent NR and GSF calculations in Ref. [38] , we argue that the bound in Ref. [15] is too conservative. At least in the low-eccentricity limit, the quasi-Keplerian formalism should be valid over nearly the same range in dimensionless frequency (M f ) as circular waveforms.
3. Although they do not enter our final results, we pay particular attention to the role of periodic terms in the waveform phasing. These terms are often neglected in other works. While the radiation-reaction induced oscillations in the orbital elements are shown in Sec. IV A to enter at 5PN order (and are hence negligible for our purposes), we derive in Sec. V an explicit frequency-domain expression for the conservative oscillatory piece of the orbital phasing. We numerically evaluate its effect and find that, while small ( 0.07 GW cycles), it is comparable to the 2.5PN and 3PN-order eccentric secular corrections. We also briefly discuss in Sec. VI how this oscillatory correction can be added to the PN approximants. This will be explored in more detail in a future work.
In the remainder of this Introduction we first review the astrophysical expectations regarding binary eccentricity (with an emphasis on LIGO sources, Sec. I A). Of particular note is an updated table of known NS/NS systems and their expected eccentricities when they enter the LIGO or LISA frequency band. In Sec. I B, we summarize the literature on modeling eccentric waveforms, emphasizing where our work differs from previous results. Throughout, we use units where G = c = 1 and follow the conventions of Refs. [15, 17] .
A. Astrophysical expectations for eccentric binaries and implications for GW detection
Since the early work of Peters and Mathews [39, 40] , it has been understood that GW emission causes the eccentricity of a binary to decay. At Newtonian order, the orbital eccentricity e t of a binary emitting GWs at frequency f gw is TABLE II. Eccentricity evolution for confirmed or likely double neutron-star binaries. The columns indicate the source's name, orbital period P orb (in days), current fundamental gravitational-wave frequency (fgw,i = 2/P orb ) in mHz, current eccentricity ei, eccentricity at 5 mHz (eLISA band), and eccentricity at 10 Hz (LIGO band). The eccentricities et(fgw) are computed using Eq. (1.2). Most values for P orb and ei are taken from the Australia Telescope National Facility (ATNF) pulsar catalog [41] . The values for J0453+1559 are from Ref. [42, 43] ; those for J1807-2500B are from Ref. [44] . There is some uncertainty as to whether the systems denoted with an asterisk are double neutron-star binaries [43] . 
To illustrate the circularizing efficiency of GWs, we consider the eccentricity evolution of double neutron-star systems. Table II lists all such systems currently known. Using Eq. (1.2), we calculate the eccentricities of these binaries when they enter the LIGO and eLISA bands. The largest eccentricity at 10 Hz is ≈ 7 × 10 −6 . This produces an entirely negligible correction to the GW phase in the frequency band of ground-based detectors. (For space-based detectors, the eccentricities are negligibly small in most cases, but potentially within the realm of detectability in others.)
Despite the fact that these projected eccentricities are small, there are still several reasons why the consideration of eccentric gravitational waveforms might be important: (i) while orbits have time to circularize before they enter the frequency band of ground-based detectors, detectors that operate at lower frequencies (such as eLISA [22] or pulsar timing arrays [45] [46] [47] ) can observe sources that have not yet circularized (wide stellar-mass binaries, supermassive black hole (BH) binaries, extreme-mass-ratio inspirals); (ii) while not observed, astrophysical arguments suggest that there may be compact binaries in the frequency band of ground-based detectors ( 10 Hz) that have not yet circularized. (These scenarios are discussed below.); (iii) lastly, it is possible that eccentric binaries are produced by formation channels that have not yet been considered, so it is prudent to use the most general waveforms possible when analyzing GW data.
Dense stellar environments such as galactic nuclei and globular clusters are suspected to create binaries with significant eccentricities. This is partly due to hierarchical three-body interactions where the Kozai-Lidov mechanism can drive oscillations in the eccentricity of the inner binary of the triplet [48] . 4 In globular clusters, around 30%-50% [50] of coalescing BH binaries driven by the Kozai-Lidov mechanism will have e 0.1 when entering the LIGO frequency band at 10 Hz. 5 Recent work in Ref. [55] (which does not rely on orbit-averaged equations) indicates that ∼ 20% of merging BHs formed via dynamical interactions in globular clusters will have eccentricities greater than 0.1 when they enter the LIGO band at 10 Hz. They estimate that mergers with eccentricities greater than this value will be detected by LIGO at rates between 0.05/yr to 3/yr, with a "realistic" estimate of 0.4/yr. More recent work in Ref. [56] indicates that ∼ 1% of binary black holes formed in globular clusters will have eccentricities at 10 Hz that exceed 10 −3 . Reference [57] also found that some NS/NS binaries can be dynamically formed in the LIGO band with high eccentricity.
Galactic nuclei are another potentially significant source of eccentric compact-object mergers. Reference [58] showed that BH/BH binaries in dense galactic nuclei can be formed in the LIGO band with high eccentricities (90% with e > 0.9). Reference [54] found that 10% of BH/BH binaries merging near supermassive BHs will have e > 0.1 when they enter the LIGO band, with ∼ 2% to 5% of binaries having eccentricities ∼ 0.05 and ∼ 10% with e ≈ 0.001 (see their Fig. 7 ; see also more recent work in Ref. [59] ).
Using a population synthesis code, Ref. [60] computed the fraction of binaries with eccentricities exceeding e = 0.01 at 30 Hz (this is roughly the value where eccentricity will cause a systematic parameter bias [11] ). For BH/BH binaries, 0.3% will exceed this value at 30 Hz. For BH/NS binaries, this fraction increases slightly to < 0.7%. For NS/NS binaries, this value is < 2%. The fraction of binaries that exceed e = 0.01 at 3 Hz (the ET band) is roughly double the numbers quoted above (see Table 3 of Ref. [60] ).
For supermassive BH (SMBH) binaries that merge in galactic nuclei, Ref. [61] found that these systems generally form with high eccentricities. When they enter the LISA band, a significant fraction of these binaries have eccentricities e ∼ 0.05-0.2. (For a brief review of the literature on eccentric LISA sources, see Appendix A of Ref. [20] .) While it is well known that extreme-mass-ratio inspirals (EMRIs) will be highly eccentric in the LISA band (see, e.g., Ref. [62] for a recent review), intermediate-mass-ratio inspirals (IMRIs) are likely to be nearly circular when they enter the LIGO band [63] . 6 For binaries above a particular eccentricity threshold, the use of circular search templates results in a potential decrease in the signal-to-noise ratio (SNR). This issue has been investigated in a variety of studies [63] [64] [65] [66] [67] [68] . The punch line of these analyses is that circular templates are sufficient for detecting compact binary inspirals with initial eccentricities (when entering the band of ground-based detectors) e 0.02-0.05 (for fitting factors 0.95).
7 Although the waveform model developed here is not relevant to binaries with moderate to high eccentricities, the detectability of such binaries is considered in Refs. [70] [71] [72] [73] .
We emphasize that currently understood astrophysical scenarios relevant for LIGO imply that if binaries enter the detector band with any eccentricity, the observed eccentricity is more likely to be small than large. This justifies our focus on the small-eccentricity limit. In addition, our formulas might be of use for parameter estimation or search template studies wishing to examine the general behavior of including eccentricity (sacrificing accuracy in the moderate eccentricity limit in exchange for simplicity and computational efficiency).
B. Previous work on eccentric waveform models
As circular binaries are thought to be more likely, circular-orbit waveforms are more developed than elliptical ones. 8 Nonetheless, a significant body of work has explored eccentric waveform models. Much of this is reviewed in Sec. 10 of Ref. [74] . Waveform polarizations for elliptical binaries are implicit in Peters and Mathews [39] (who focus on computing the radiated power); they were first given explicitly in Wahlquist [75] and later in Refs. [76] [77] [78] to leading (0PN) order. These elliptical waveforms have since been extended to 1PN order in amplitude by Junker and Schäfer [79] (see also Refs. [80, 81] ), to 1.5PN order in Blanchet and Schäfer [82] , and to 2PN order (neglecting tails) in Gopakumar and Iyer [83] . The 3PN (nonhereditary) contribution to the waveform was recently computed in Ref. [84] . The nonlinear memory corrections to the polarizations (which enter at 0PN order) were computed in Ref. [85] . Information to compute the GW phasing for elliptical binaries is currently known to relative 3PN order in the conservative [12] [13] [14] [15] [16] [17] and dissipative parts [79, 82, [86] [87] [88] [89] [90] [91] [92] . Time-domain waveforms that incorporate both spin and eccentricity via a direct numerical solution of the PN equations of motion are discussed in Ref. [93] [94] [95] [96] .
Especially useful for GW data analysis applications is the development of frequency-domain eccentric waveforms. References [97, 98] express the waveform amplitude to arbitrary eccentricity at 1PN order in the frequency domain but do not express the phasing explicitly as a function of frequency. This is extended to 2PN order in Ref. [99] with the phasing expressed as a hypergeometric function of the eccentricity. Explicit eccentric corrections to the phase of the Fourier transform of the GW signal (expressed as a function of frequency) were first computed in the stationary phase approximation (SPA) in Ref. [18] . They expressed the waveform amplitude at Newtonian order and without any eccentric corrections. The phase contained leading-order eccentric corrections [O(e 2 0 )] at 0PN order. In Refs. [11, 19] , these O(e 2 0 ) phase corrections were extended to 2PN order. The details of that computation, along with their extension to 3PN order, are the focus of this paper. The "postcircular" approximation in Ref. [20] computed 6 Reference [63] found that IMRIs that harden via three-body interactions should have e < 10 −4 at 10 Hz, while 10% of those formed by direct capture will have e > 0.1 at 10 Hz. 7 The eccentricity threshold depends on the binary mass. The range in eccentricity quoted above is most applicable to NS/NS binaries; for stellar-mass BH binaries, the eccentricity threshold for detection with circular templates is closer to e ∼ 0.15. We do not quote precise values because the various studies in Refs. [64] [65] [66] [67] [68] differ in their details. Interestingly, the threshold for detecting IMRI systems in the LIGO band with circular templates is also e 0.05 [63] , although estimates suggest there are not likely to be many IMRIs with eccentricities much higher than this. The inadequacy of circular templates for supermassive BH binaries in the LISA band is discussed in Ref. [69] . 8 Recall that we take the word "eccentric" to refer to elliptical orbits (e < 1) in this work. We do not review waveforms relevant to parabolic or hyperbolic binaries in detail.
the amplitude and SPA phasing to Newtonian order as an expansion to O(e 8 ). Post-Newtonian corrections to that work were recently incorporated in Ref. [21] ; however, these were not computed via a fully consistent PN approach but rather through the choice of a particular ansatz (as acknowledged in that work). For example, their results for the O(e 2 0 ) corrections to the SPA phasing disagree with ours beginning at 1PN order. As this manuscript was nearing completion, we learned of related work in Ref. [100] . There, the postcircular approximation of Ref. [20] is extended to 2PN order and O(e 6 ), with only Newtonian effects accounted for in the amplitude. The merger/ringdown portion of eccentric binary coalescence must be treated via numerical relativity. Eccentric merger simulations have been performed by multiple groups [101] [102] [103] [104] [105] [106] [107] [108] [109] [110] [111] [112] . Comparisons between eccentric post-Newtonian waveforms and NR simulations were performed in Refs. [113, 114] . More recent comparisons between PN, NR, and gravitational self-force (GSF) results for the periastron advance rate are discussed in Refs. [38, 115, 116] ; comparisons between PN and GSF calculations of the redshift invariant are found in Refs. [25, 26, 28, 29] . Recent attempts to extend the effective-one-body (EOB) formalism to handle eccentric orbits are discussed in Refs. [28, 30, 117] .
II. GRAVITATIONAL WAVE POLARIZATIONS
We begin by defining our conventions and expressions for the GW polarizations. We work at leading (Newtonian) order in the amplitude of the polarizations but initially make no assumptions about the PN order of the phasing (that will be specified in later sections). Starting from an expression that is valid for general planar orbits, we then specialize to elliptical orbits (with the details relegated to Appendix A). These expressions are further simplified to the case where eccentricity provides a negligible correction to the amplitude (but not to the phasing).
Consider a nonspinning eccentric binary with component masses m 1 and m 2 , total mass M = m 1 +m 2 , and reduced mass µ = m 1 m 2 /M . Following Sec. II of Damour, Gopakumar, and Iyer [15] , introduce an orthonormal triad p, q, N in which p points toward a suitably defined ascending node, N points from the source to the observer, and q = N ×p. The relative separation vector of the binary x, which has a magnitude r and makes an angle φ with respect to p, is given by
where ι is the orbit inclination angle (the angle between N and the orbital angular momentum). The plus (+) and cross (×) polarizations of the gravitational-wave field can be expanded in a post-Newtonian series. The leading ("Newtonian")-order piece of that expansion is given in terms of r, φ, and their first time derivatives by Eq. (6) of Ref. [15] ,
where D is the distance to the binary, η ≡ µ/M is the reduced mass ratio, C ≡ cos ι, and S ≡ sin ι. Corrections to these polarizations enter at 0.5PN order [O(v) , where v is the relative orbital speed]. 9 For eccentric binaries these amplitude corrections have been computed to 2PN-order by Gopakumar and Iyer [83] and to 3PN order in Ref. [84] (neglecting hereditary corrections). Nonlinear memory corrections are computed in Ref. [85] . Only leading-order amplitude corrections are considered here.
To further simplify Eqs. (2.2), we use the quasi-Keplerian parametrized solution for r and φ, which provides an analytic solution to the conservative part of the PN equations of motion (Sec. III). Using this quasi-Keplerian solution, we show in Appendix A how the polarizations can be expressed in terms of the eccentric anomaly u for arbitrary elliptical orbits [Eq. (A1)]. Those expressions are further simplified by writing them as a series expansion in eccentricity [carried to O(e 3 )] and in terms of the phase variable φ and the mean anomaly l (which are straightforwardly expressed as functions of time for conservative orbits). The resulting expansion [Eqs. (A4)] indicates how different frequency harmonics enter the waveform. Since we are focused on the small-eccentricity limit-in which most of the radiated power is concentrated at a GW frequency equal to twice the orbital frequency-we take the e → 0 limit of our result and arrive at
Angles describing elliptical orbits. The vector x is the relative separation vector which points from the binary center of mass to the position of the reduced mass. The reduced mass traces out a curve, and we show the ellipse which is momentarily tangent to that curve. The vector x makes an angle φ (the orbital phase angle) from the unit vector p and an angle v (the true anomaly) from the pericenter point of the ellipse. The pericenter itself makes an angle (the argument of pericenter) from the direction p. The eccentric anomaly u is the angle from the center of the ellipse to the projection (perpendicular to the major axis) of the particle's position on the circle circumscribing the ellipse. The mean anomaly l (which does not have a geometric interpretation) is an angular parameter that varies along the orbit at a uniform rate, completing one cycle in a time 2π/n. Note that u, v, and l are measured from the pericenter direction.
These are the expressions that we ultimately use for our polarizations. Note that this is equivalent to taking the circular orbit limit (ṙ = 0 and r 2φ2 = M/r) of Eqs. (2.2). Eccentricity introduces O(e) and higher corrections to these expressions. However, we ignore them since amplitude corrections are less important than phase corrections (and since we are also assuming that eccentricity is small). We note that the expressions (2.3) depend on only a single phase variable while the more general expressions (A4) depend on two phase variables. There are thus only three initial conditions [r(t 0 ), e(t 0 ), and φ(t 0 )] associated with the orbital motion that need to be specified in our waveforms. For general elliptical orbits, an additional constant associated with a second phase variable-and corresponding to the initial argument of pericenter (t 0 )-would also need to be specified. However, because we neglect O(e) corrections to the waveform amplitude and oscillatory contributions to the waveform phase φ, this dependence on a fourth initial condition drops out of our expressions. The extended discussion in Appendix A further clarifies this point and the nature of the approximations leading to Eq. (2.3).
III. QUASI-KEPLERIAN PARAMETRIZATION
First introduced in Refs. [13, 14] , the quasi-Keplerian formalism provides an analytic (parametric) solution to the conservative pieces of the PN equations of motion. It provides the orbital variables (r, φ) and their derivatives as a function of a parametric angle (the eccentric anomaly u). Combined with a numerical solution of the PN extension of Kepler's equation, this formalism allows one to determine the orbital evolution as a function of time without the need to solve ODEs. In this section, we first review the more familiar Newtonian case, expressing the Keplerian solution in a form that will be similar to its PN generalization (Sec. III A). We then provide the related generalization to the PN case (quasi-Keplerian), listing the relevant equations from the literature that one needs to model eccentric PN orbits (Sec. III B). In Sec. III C, we perform a change of variables that more naturally connects with the circular limit. The overall domain of validity of the quasi-Keplerian formalism is discussed in Sec. III D. The effects of incorporating radiation reaction are then discussed in Sec. IV and the remainder of the paper.
A. Newtonian-order (Keplerian) parametrization
In the Newtonian limit, the radial and angular pieces of elliptical motion can be expressed via the following equations:
r N = S(l; n, e) = a r (1 − e cos u) , (3.1a) r N = n ∂S ∂l (l; n, e) = ξ 1/3 e sin u
(1 − e cos u) , (3.1b)
The subscript N denotes that these are Newtonian quantities (to distinguish between their PN generalizations below). The angles u, v, and l are the eccentric, true, and mean anomalies. Figure 1 discusses their geometrical interpretation (which carries over to the PN case). The semimajor axis of the ellipse is a r = (M/n 2 ) 1/3 , and the mean motion is n ≡ 2π/P , where P is the radial orbital (periastron to periastron) period. (For Newtonian orbits, the radial and azimuthal frequencies are identical, but not for PN orbits). We also define the dimensionless radial angular orbit frequency ξ = M n; this dimensionless variable will be used extensively in this work and serves as a PN expansion parameter. The definitions of the functions S and W N can be read off of the above equations. The phase angle λ N provides the linearly accumulating piece of the orbital phase. In the Newtonian limit, it is equivalent (up to a constant shift) to the mean anomaly l N . The constants c l and c λ provide the values of l N and λ N at some instant t 0 . They are related to the argument of pericenter = c λ − c l , which is the angle the pericenter makes with respect to p.
Note that a planar orbit requires the specification of four initial conditions or constants of the motion. For example, these might be the set [r(t 0 ), φ(t 0 ),ṙ(t 0 ),φ(t 0 )]. Equivalently (and of greater geometrical meaning), one can specify [a r , e, , φ(t 0 )]. The constant a r could be replaced by n or a related frequency variable. In Eqs. (3.1) above the constants that must be specified are [n, e, c λ , c l ]. Given and φ(t 0 ), c l is determined by first solving for the initial value of v via φ(t 0 ) = + v 0 and then inverting Eq. (3.1h) [v 0 = V N (u 0 )] for u 0 . The value u 0 is substituted in Eq. (3.1g) (with t = t 0 ) to give c l .
B. Quasi-Keplerian parametrization
When post-Newtonian effects are considered, the resulting orbits are no longer Keplerian ellipses, but the parametric equations for r, φ,ṙ, andφ take a form similar to Eqs. (3.1) (but are much more complicated). The resulting solution is thus referred to as quasi-Keplerian. These explicit analytic expressions can only be obtained for the conservative contributions to the equations of motion (i.e., one ignores the dissipative or radiation-reaction contributions to the equations of motion at 2.5PN, 3.5PN, and higher orders). The extension of Eqs. (3.1) is known to 3PN order [16, 17] and has the following form [Eqs. (7) (8) (9) (10) (11) (12) of Ref. [17] ]: r = S(l; n, e t ) = a r (1 − e r cos u) , (3.2a)
The various symbols have the same interpretation as their Newtonian counterparts, but the function W and the 3PN analog of Kepler's equation are significantly more complex. The functions
, and h 6φ are given in Ref. [16] [in both Arnowitt-Deser-Misner (ADM) and harmonic gauges], while more explicit and useful expressions for r,ṙ, φ, andφ are given in harmonic gauge in Ref. [17] (to 3PN order) or in ADM gauge to 2PN order in Ref. [15] . For brevity, we list here only expressions in harmonic gauge 10 and to 2PN order (we list some results to 3PN order if they are crucial for later steps in our analysis). As in the Newtonian case, the functions S(l) and W (l) are 2π periodic in l.
Besides the overall increase in complexity, the quasi-Keplerian case introduces some additional new features. There now appear three eccentricities e t , e r , and e φ instead of one in the Newtonian case. These eccentricities can be related to each other or to the orbital energy and angular momentum (see Refs. [15, 16] ). The quasi-Keplerian equations also show the well-known periastron precession, a secular effect embodied in the constant k = ∆Φ/(2π), where ∆Φ is the advance of the periastron angle in the time interval P . The explicit expression for k is given to 3PN order by Eq. (25d) of Ref. [17] :
3) Making the above expressions more explicit requires choosing an appropriate set of constants of the motion. Several choices are possible for the principal constants of motion, including some combination of the orbital energy E, the magnitude of the reduced angular momentum h, the mean motion n, the semimajor axis a r , or one of the three eccentricities (e t , e r , e φ ). A convenient choice is to choose the mean motion n and the time eccentricity e t [15, 17] . In addition to the principal (intrinsic) constants of motion, two positional (extrinsic) constants of motion (c l and c λ ) determine the orientation of the orbit and the orbital phase at a reference time t 0 . These constants (n, e t , c l , c λ ) are fixed for conservative orbits (no radiation reaction). When radiation reaction is considered, these "constants" now evolve-their initial values must be chosen, and a scheme for evolving them must be supplied. This is discussed in Sec. IV. In the present section, we ignore radiation reaction effects.
Given this choice of constants, we can now express r,ṙ, φ, andφ explicitly in terms of n, e t , c l , c λ , and the eccentric anomaly u. The exact expressions are given to 3PN order and harmonic gauge in Eqs. (23)- (26) of Ref. [17] or to 2PN order and ADM gauge in Eqs. (51)- (54) of Ref. [15] . For reference, we list the complete expressions up to 2PN order and in harmonic gauge [see Eqs. (23)- (27) in Ref. [17] for the lengthy 3PN terms]:
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Some of these equations depend on the true anomaly v in the combination v − u. Rather than using the discontinuous function in Eq. (3.2h), this combination is more easily described by the smooth function [15, 17] v − u = 2 tan
where β φ = (1 − 1 − e 2 φ )/e φ . An explicit expression for e φ in terms of e t and n is not listed in the literature, but it can be derived by combining Eq. (25r) of Ref. [16] with Eqs. (21) of Ref. [17] . The result to (3PN order and harmonic gauge) is
The above equations allow one to determine the functions r,ṙ, φ,φ, and the waveform polarizations h +,× entirely in terms of the eccentric anomaly u and the chosen constants e t , n, c l , and c λ [see Eq. (A1)]. With the addition of the 3PN extension of Kepler's equation [Eq. (27) of Ref. [17] ],
one can parametrically obtain the orbit and waveform as a function of the mean motion angle or time. To do this Eq. (3.7) must be inverted. Techniques for doing this numerically are given in celestial mechanics texts (see, e.g., Sec. 6.6 of Danby [118] ) and are discussed more recently in the context of eccentric compact binaries in Ref. [80] . For Newtonian binaries, Bessel derived a series expansion that solves Kepler's equation (e.g., Appendix D of Ref. [118] ):
Since PN corrections to Kepler's equation do not enter until 2PN order, the above equation can also be applied to binaries at 1PN order. In Appendix A, we analytically invert the 3PN version of Eq. (3.7), obtaining u(l) as a series expansion to order O(e 3 t ). This expansion can then be plugged into expressions for r,ṙ, φ,φ, and h +,× , yielding explicit functions of time [e.g., Eqs. (A3)-(A4)].
C. Converting between radial and azimuthal frequencies
In the quasi-Keplerian formalism, PN expansions of elliptical orbit quantities are most naturally expressed in terms of the radial orbit angular frequency ω r ≡ n ≡ ξ/M (i.e., the mean motion or periastron to periastron angular frequency). However, circular orbit quantities are more naturally expanded in terms of the azimuthal or φ-angular frequency ω φ ≡ ξ φ /M (this is related to the time to return to the same azimuthal angular position in the orbit). The relation between ω r and the instantaneous azimuthal angular frequencyφ is given by Eq. (3.2f). However, since we are often more concerned with secular variations, it is useful to derive the relationship between the orbit-averaged azimuthal frequency ω φ ≡ φ and the radial frequency. Upon orbit averaging Eq. (3.2f), the periodic dW/dl term vanishes, and we have
This equation can be inverted to give
This relation allows us to replace the constant of the motion ξ = M n in the quasi-Keplerian formalism with the equivalent constant ξ φ = Mλ. The advantage in doing so is that ξ φ is directly related to the standard PN expansion parameters x and v that appear in PN expansions for quasicircular orbits. Specifically, we make the following identifications between the various PN expansion parameters:
In the eccentric case, x and v are defined by the above relation and reduce to their standard meanings in the circular limit. As an application of these relations, it will be useful (in the next section) to express k in terms of ξ φ via substitution of (3.10) into (3.3) and expanding to 3PN order:
Note that in the e t → 0 limit the frequency variables ξ and ξ φ do not agree. This arises from the fact that the well-known formula for the periastron advance angle is independent of eccentricity in the e t → 0 limit. Readers should keep in mind that it is the quantity ξ φ that is equivalent to the circular orbit frequency in the e t → 0 limit. When PN quantities for eccentric orbits are specialized to the e t → 0 limit, they generally will reduce to the standard circular expressions only if they are expressed in terms of ξ φ (not ξ). This is an important point and motivates much of the approach that we follow throughout this paper.
D. Domain of validity of the quasi-Keplerian formalism
In Sec. III of Ref. [15] , an estimate was provided for the range of validity of the quasi-Keplerian formalism. We review this constraint here, illustrate its problems, and then argue that recent comparisons with numerical relativity and gravitational self-force calculations suggest that the constraint (in the small e t limit) should be relaxed.
Reference [15] argues that the parameters of elliptical motion in the quasi-Keplerian formalism should be chosen such that i) orbits are not plunging and ii) rapid periastron precession is avoided. Section III of Ref. [15] adequately discusses the first point. In the small e t limit, this constraint is simply that one stays outside the last stable orbit, which we will take to be the innermost stable circular orbit (ISCO; there are eccentric corrections to this, but they will be negligible for our purposes as any small eccentricity will have rapidly decayed at frequencies near plunge). The second point is a more conservative constraint-effectively requiring the binary separation (for a given eccentricity) to be sufficiently far from the plunge boundary that the periastron advance rate is "slow." (This also eliminates the possibility of zoom-whirl orbits.) Using a particular (and somewhat arbitrary) choice for specifying the smallness of the periastron advance rate in the Schwarzschild spacetime, Ref. [15] proposes that the following condition be satisfied:
Rearranging the above and approximating (at Newtonian order) ξ ≈ πM f yields the following constraint on the eccentricity parameter,
where f is the GW frequency of the fundamental harmonic (twice the orbital frequency) and α = 0.0030. This equation implies that (for the quasi-Keplerian formalism to be valid) a NS/NS system should have e t 0.85 at 10 Hz, while a M = 10M BH/BH binary should have e t 0.6. Similarly a BH/BH binary with M 19.3M is constrained to be fully circularized before entering the LIGO band. An immediate problem arises when one considers the decay of eccentricity with frequency, e t (f ) ≈ e 0 (f 0 /f ) 19/18 for small e t . Substituting this relation into Eq. (3.14) implies that the GW frequency must satisfy the following inequality throughout the inspiral:
If a binary enters the LIGO band (f 0 = 10 Hz) with e 0 = 0.1, this implies that the formalism is valid only for f 69 Hz for a NS/NS binary or f 19 Hz for a M = 10M BH/BH binary. For e 0 0.1, the first term in (3.15) hardly affects the result, and one can simplify the criterion to
In comparison, the Schwarzschild ISCO frequency is
Equation (3.16) is vastly more constraining than the ISCO limit and suggests that quasi-Keplerian waveforms would be essentially useless for LIGO data analysis. This is surprising. While circular PN waveforms certainly breakdown before the ISCO limit above, they can often be pushed much closer to the ISCO frequency than Eq. (3.16) would imply (especially in the comparable-mass limit). In the low-eccentricity limit, the quasi-Keplerian waveforms we derive here smoothly approach the circular limit, so we would expect that they would have a similar range of validity. For example, for circular binaries,ξ φ agrees with equal-mass NR calculations to within a few percent at ξ φ = 0.1 (see Fig. 13 of Ref. [119] ). We therefore expect our low-eccentricity expressions to remain accurate to comparable frequencies. Independently of the approach in Sec. III of Ref. [15] , the constraint (3.13) can be derived by specifying a condition for the slowness of the periastron advance rate. Recall that the angular frequency ω p ≡ dΦ/dt of the periastron angle Φ = is given by ω p = ω φ − ω r , where ω φ = φ is the orbit averaged azimuthal orbit frequency and ω r = n is the radial orbital frequency (mean motion). Since ω φ = (1 + k)ω r , ω p = kω r . Let us phrase our constraint on the "slowness" of the periastron advance rate in the following terms: we require that the periastron advance angle not exceed one cycle (∆Φ < 2π) in N radial orbital periods. This implies the constraint k < 1/N or, using the leading-order expression for k [cf., Eq. (3.3)],
One may then attempt to set a constraint by choosing an appropriate value for N that assures that k is sufficiently small. For example, the criterion in Ref. [15] for "slowness" (3.13) corresponds to N > 16 radial cycles for every cycle of the periastron [i.e., using α → (3N ) −3/2 and α = 0.003]. Zoom-whirl behavior corresponds to the condition N < 1 (i.e., k < 1 is required to forbid zoom-whirl orbits). However, "sufficiently small" is an arbitrary criterion on which reasonable people can differ. (E.g., is N > 1 sufficient? Or N > 10? Or N > 100?) Unfortunately the precise choice is important as the upper bound on the frequency of validity depends sensitively on the chosen value of N [or equivalently, the chosen α in Eq. (3.16)].
We argue that this is not the appropriate way to determine the constraint. A better constraint comes from requiring that a specified PN quantity agrees with an exact (or at least "better") calculation to within a specified accuracy (e.g., within ∼ 1% to 10%).
11 As a proxy for an "exact" calculation, we use the relationship between the periastron advance parameter and orbital frequency given in Eq. (7) of [38] 12 
is the standard circular PN expansion parameter. This equation arises from an EOB calculation of k in the e t → 0 limit [120] . The resulting expression automatically incorporates the Schwarzschild e t → 0 result and additionally incorporates an O(q) correction to the Schwarzschild limit, where q = m 1 /m 2 ≤ 1 is the binary mass ratio. This correction arises from the first-order GSF and is determined by fitting the function ρ(x) to accurate GSF calculations. The resulting linear-in-q expression (k q GSF ) can then be "improved" by replacing q → η, resulting in Eq. (3.19) above. This replacement of the mass ratio q with η has the following remarkable effect: while the q dependent expression k q GSF agrees with low-eccentricity NR simulations at small q (as expected), the expression k η GSF agrees exceptionally well with NR simulations at all mass ratios, essentially lying within (or close to) the error bars of the NR simulations for the frequency range analyzed (see Figs. 1-3 of Ref. [38] ). The figures there also clearly indicate good agreement between NR calculations of k and the 3PN result we use here (e.g., less than 1% error up to ξ φ = 0.03).
Considering the importance of understanding the realm of validity of the quasi-Keplerian formalism (and hence the results of this study), we further quantify the bounds on our PN expressions. Since it exhibits excellent agreement with NR results for all mass ratios, we take Eq. (3.19) as our "exact" result and compare it with the 3PN expression for k expressed in terms of x = ξ 2/3 φ [Eqs. (3.12) ] and specialized to the e t → 0 limit. This reduces to k(e t → 0) = 3ξ
In Fig. 2 we see the behavior of these two functions as well as the fractional error between the 3PN formula and the "exact" result. The 3PN periastron advance constant shows good agreement with Eq. ratios. Depending on the acceptable level of accuracy required and the mass ratio of the system, Fig. 2 determines the frequency where the required accuracy threshold is violated. For example, if we require that the 3PN expression agrees with k η GSF to within 10%, then this implies that ξ φ < 0.0274 for η = 0. This is a significantly larger upper limit than the ≈ 0.003 value required by Eq. (3.13). For η = 0 and ξ φ = 0.003, the fractional error from k η GSF is 0.1%, a value that we argue is unnecessarily conservative. Furthermore, for larger mass ratios, the 3PN expression agrees even more closely with the NR/GSF result. A < 10% error is achieved for η = 0.25 so long as ξ φ < 0.0458. This upper bound increases to ξ φ < 0.0511 for η = 0.2.
In summary, we believe that the constraint (3.13) suggested by Ref. [15] is too conservative, as it implies that the quasi-Keplerian formalism is not applicable to binaries in the frequency band of ground-based interferometers. Instead, more recent comparisons with NR and GSF simulations (summarized in Ref. [38] and discussed above) suggest that a more appropriate constraint for comparable-mass binaries is ξ φ 0.04 or
This limit is nearly 60% of the frequency of the Schwarzschild ISCO. This implies that our formalism should be accurate up to f ≈ 920 Hz for NS/NS binaries or f ≈ 260 Hz for a M = 10M BH/BH binary.
IV. QUASI-KEPLERIAN PHASING FOR EVOLVING BINARIES
In the previous section, we described the quasi-Keplerian formalism, which provides a parametric solution to the conservative pieces of the PN equations of motion. This analytic solution follows from the fact that conservative quasielliptical orbits admit four constants of motion: the principal (intrinsic) constants n and e t which determine the shape of the orbit, plus two positional (extrinsic) constants (here taken to be c l and c λ ) that determine the orientation of the orbit and the initial binary configuration. We now consider the inclusion of radiation reaction, both generally [15, 17] and in the low-eccentricity limit. When dissipative terms are included, these four constants will generally evolve with time. A scheme for evolving the constants of the motion for nonspinning eccentric binaries has been detailed in Refs. [15, 17] . Here, we briefly summarize their results and then specialize them to low-eccentricity orbits.
As in the conservative case, the essential problem is to determine the functions r(t), φ(t) and their derivatives as solutions to the full PN equations of motion. Rather than numerically solving the PN equations of motion (at say 3.5PN order), Ref. [15] employs a method of variation of constants in which the functional form of the 3PN conservative solution [Eqs. (3.2) ] is used as a leading-order solution. The 2.5PN and 3.5PN radiative pieces of the equations of motion then act as a perturbation that causes the constants of the motion in Eqs. (3.2) to vary with time. Specifically, the mean motion and time eccentricity now vary with time, n = n(t), e t = e t (t), and the angles l and λ are now given by
where the positional constants c l = c l (t) and c λ = c λ (t) also vary with time. Instead of solving a first-order system of differential equations involving r(t), φ(t),ṙ(t), andφ(t), a new first-order system is solved in which the dynamical variables are c α (t) = [c 1 (t), c 2 (t), c l (t), c λ (t)]. In this system the "constants" c 1 and c 2 could be the energy and angular momentum of the binary, but-as indicated earlier-they are more conveniently chosen to be the mean motion n and the time eccentricity e t (which can be related to the energy and angular momentum).
To arrive at a first-order system for the c α , one proceeds as follows (see Ref. [15] for details): Begin with the PN equations of motion in first-order form,ẋ
where the motion is planar and A 0 and A represent the conservative and dissipative pieces of the equations of motion (respectively). These equations are first solved neglecting the A term, resulting in the parametric quasi-Keplerian solution described in Sec. III B, x = x 0 (t; c α ). The solution to the full equations (including the dissipative term A ) is written such that it has the same functional form as the conservative system, but with the constants c α now as functions of time, x = x 0 [t; c α (t)]. This exact form for the solution, combined with the full equations of motion (4.2), yields a new first-order system for the c α (t),
where F α is linear in A . This is then recast in the form
where G α ∝ A and is periodic in l. Since G α contains both fast, periodic oscillations as well as slowly varying pieces [since radiation reaction causes a slow variation of the c a (t)], the solution is split into a slowly varying piecec α (l) and a rapidly varying piecec α (l),
For sufficiently long times, the rapidly oscillating termsc α (l) will always be smaller than the slowly varying ones c α (l). Using this splitting, Refs. [15, 17] then show how to solve for the quantitiesn,ē t ,c l ,c λ ,ñ,ẽ t ,c l ,c λ , which are expressed as functions of l, u, or t. The differential equations for each piece of the c α have the form 
The next subsections discuss separately the solutions to the oscillatory and secular equations in (4.6).
A. Periodic variation of the constants
As shown in Ref. [15] , Eq. (4.6b) can be integrated analytically, yielding closed-form expressions forñ(u,n,ē t ), e t (u,n,ē t ),c l (u,n,ē t ), andc λ (u,n,ē t ). These are then used in constructing expressions forl(u,n,ē t ) andλ(u,n,ē t ). The full expressions are given by Eqs. (64) and (67) of Ref. [15] (at 2PN order in ADM gauge) and Eqs. (36) and (40) of Ref. [17] (at 3PN order in harmonic gauge). Those expressions are seen to have the following form when 3.5PN-order reactive effects are included, 8) where the f γ label the various expressions listed in Refs. [15, 17] , and the index γ takes on labels corresponding to the six variables listed on the left-hand side of the equation. TheC γ are periodic functions of l and have the leading-order scalingC γ ∼ O(ηξ 5/3 ). This indicates that these terms will generally be small, especially in comparison with the secular pieces that we consider in the next section.
In the low-eccentricity limit, we can simplify the expressions given in Ref. [17] by using Eq. (A2) to express u in terms of l. At leading PN order, the constantsC γ reduce to the following when we expand aboutē t = 0: 
To derive the last two equations, we had to evaluate the integrals appearing in Eqs. (40a) and (40b) of Ref. [17] . This was done by first expanding the integrands in the small-e t limit and then computing the indefinite integral, neglecting the constant of integration. Equation (A2) was then substituted, and the result was expanded in the small-e t limit. Note also that at leading order inξ,λ =l −c l +c λ . The expressions (4.9) are listed for completeness. As we will discuss in more detail in Sec. V, they will be negligible for our purposes.
B. Secular variation of the constants
We now focus on computing the secular evolution of the constants of the motion (which will eventually lead to the main results of this paper). The primary expressions that are needed to compute the various PN approximants are the differential equations governing the secular time evolution ofn =ξ/M andē t . (The positional constants of the motion are found to have no secular variations, i.e.,ċ l =ċ λ = 0 [15] .) These are given to 2PN order in ADM or harmonic gauge in Refs. [15, 17] ; the harmonic gauge versions are reproduced in Appendix B. Here, we are more interested in the pair (ω φ =ξ φ /M,ē t ) for reasons discussed above. Expressions forω φ andė t have been computed to 3PN order in ADM gauge in Ref. [92] . 13 Since we work in modified harmonic (MH) gauge here, we must convert those results from ADM to MH gauge. The explicit relation between the two gauges is given by Eq. (8. For reference and later use in Sec. VIII, we provide in Appendix B 2PN-order equations for dn/dt and de t /dt in terms of n and e t and valid for arbitrary e t < 1.
13 Reference [92] includes modified harmonic gauge expressions in an appendix, but Eqs. (C10)-(C11) there were found to contain an error. This is addressed in a forthcoming erratum. Also note that there are important notational differences between this paper and Ref. [92] . Specifically, Ref. [92] uses ζ ≡ M n in place of our ξ. Their ω is labeled ω φ here. They also do not use bars to denote orbit-averaged quantities. 14 Note that the tail contributions to the expressions for dω φ /dt and det/dt in Ref. [92] are expressed as infinite series and require careful consideration when used in actual computations. This is discussed further in Sec. VIII below. In the low-eccentricity limit, these tail terms can be expanded as a power series in et.
C. Analytic eccentricity evolution as a function of frequency
At Newtonian (0PN) order, the equations for dξ φ /dt and de t /dt can be analytically solved for arbitrary e t to determine ξ φ (e t ). Computing dξ φ /de t =ξ φ /ė t and integrating using the initial condition that ξ φ = ξ φ,0 when e t = e 0 gives ξ φ (e t ) ξ φ,0 = e 0 e t
18/19
1 − e An analogous result in terms of the semimajor axis was first derived by Peters [40] . At higher PN orders, the differential equation for dξ φ /de t is not separable, so an exact solution valid for arbitrary eccentricities is not easily found. However, an analytic result can be found if we only include the leading-order eccentricity terms. Expanding the low-eccentricity limit of de t /dξ φ in ξ φ gives 
The constant C 1 was determined by the initial condition e t (ξ φ,0 ) = e 0 .
To gauge the accuracy of the low-eccentricity approximation, we can compare the 0PN expression (4.14) with its low-eccentricity version, ξ φ /ξ φ,0 = (e 0 /e t ) 18/19 . For e 0 0.2 (0.1), these agree to within 7% (2%). The PN corrections have the effect of decreasing the eccentricity more rapidly as the frequency increases.
D. Explicit evolution equations as a function of frequency or time
Using the results of the previous subsection, we can determine dξ φ /dt explicitly as a function of ξ φ only (eliminating the frequency dependence in e t ) and then solve for ξ φ and e t explicitly as functions of time. This also allows us to determine the evolution of the phase variables λ and l as functions of time or the frequency variable ξ φ . 
This is the key equation that allows us to determine explicit functions for the frequency and phase evolution in the small-eccentricity limit. We illustrate how these results follow from this equation in the remainder of this section, deferring some of the full 3PN expressions to Sec. VI where they are derived via an equivalent approach that generalizes the quasicircular PN approximants. The time to coalescence is computed by integrating dt = dξ φ /(dξ φ /dt). To compute this we first invert Eq. (4.18), expand the terms in {}-brackets to leading order in e 0 , and then expand the entire expression to 3PN order [relative O(ε 6 )]. Integrating the result with respect to ξ φ yields The second line shows the leading order in eccentricity corrections. Since ξ φ,0 /ξ φ ∼ O(1), the first term on the second 15 When performing the series expansions, we introduce a PN expansion parameter ε ∼ 1/c via ξ φ → ε 3 ξ φ and ξ φ,0 → ε 3 ξ φ,0 . This parameter ε is set to 1 at the end of the calculation. 16 The quasicircular results are all known to relative 3.5PN order, but as our starting expressions for eccentric orbits are only known to 3PN order, we restrict to purely 3PN results in this section. The full expressions, listed in Sec. VI, include the 3.5PN quasicircular terms.
line is equivalent to a 0PN-order effect. The remainder of the second line schematically shows corrections which we have computed to relative 3PN order [see Eq. (6.7b)]. Note that starting at 2PN order, there are terms with the structure ξ a φ ξ b φ,0 where a + b = 2n/3 for terms at nPN order. The other PN series expansions in this section have a similar structure. Note also that the difference between the time of coalescence and the reference time t 0 when e t (t 0 ) = e 0 is given by
The time evolution of the frequency variable ξ φ can now be obtained by performing a series reversion on Eq. (4.19). This is done by expanding ξ φ as a PN series in τ and τ 0 with the coefficients undetermined. 17 This series is then substituted into Eq. (4.19) and expanded in and to O(e 2 0 ). The unknown coefficients are determined by requiring that each term vanish at the appropriate orders in and e 0 . The result is 
where the full 3PN expression is given in Appendix C. We can also compute the secular evolution of the angular variables λ and l. (We consider the oscillatory piece of λ in the next section.) The secular evolution of λ is governed by
which can be integrated to give
Series expanding the integrand, evaluating the integral, and simplifying yields 
with the full 3PN expression given in Eq. (6.9b). Lastly, the secular evolution of l is determined by
where ξ(ξ φ ) is given by Eq. (3.10). As was the case for λ, this is straightforwardly integrated via
Evaluating the integral using the same techniques as above gives where the full 3PN expression is in Eq. (C2). A function of time l(t) analogous to Eq. (4.27) can also be derived and is given in Eq. (C3). In this section, we have expressed the secular evolution of the intrinsic constants ξ φ and e t and the phase functions λ and l. Results were expressed as functions of time or the frequency variable ξ φ . These results could also have been derived directly in terms of the radial frequency variable ξ. They can be converted to functions of ξ via substitution of Eq. (3.9).
V. EFFECT OF OSCILLATORY TERMS IN THE PHASING
While the main goal of this work is to analytically compute the secular corrections to the waveform phasing, it is important to also consider the relative sizes of the oscillatory contributions to the phasing. The Newtonian-order GW polarizations in the low-e t limit depend on the orbital phase φ via h +,× ∝ (cos 2φ, sin 2φ). Recall that the complete orbital phasing is the sum of three terms, To estimate the magnitude of W , we can inspect the O(e 0 ) Newtonian-order result, W N (f ) = 2e 0 (f 0 /f ) 19/18 sin l, where we have used ξ φ = πM f and ξ φ,0 = πM f 0 . Clearly, this expression has a maximum value when f = f 0 and scales linearly with e 0 . Section VIII below demonstrates that e 0 ≈ 0.1 is the maximum eccentricity to which our low-eccentricity expressions are valid. We can then estimate that the maximum error δφ in the orbital phasing due to the oscillatory terms is δφ ≈ W N (e 0 = 0.1, f = f 0 ) ≈ 0.2 rad. Figure 3 shows an evaluation of the full 2PN expression [Eq. (5.3)] for a NS/NS binary that evolves through the LIGO band with e 0 = 0.1 at f 0 = 10 Hz (and choosing c l = 0). We can see that the amplitude of the periodic term decreases sharply with increasing frequency. Changing the binary masses of the system (which does not affect the Newtonian-order expression W N ) leads to a slight change in the amplitude; however, the qualitative behavior of the curve remains unchanged. The maximum values of Eq. (5.3) for NS/NS, BH/BH, and NS/BH binaries with e 0 = 0.1 are 0.207, 0.224, and 0.217 rad, respectively. This corresponds to a correction to the number of GW cycles of δN cyc,W ∼ 0.2/π 0.07. Since this effect is small and decays rapidly, we ignore it when computing corrections to the PN approximants in the next section. However, we note that this oscillatory contribution is comparable (for some systems) to the 2.5PN and 3PN secular eccentric corrections that we compute (see Sec. VII and the tables presented there). We also note that when eccentricities are large (in which case our formalism is not valid), these oscillatory terms will contribute phase errors ∼ O(1) and should not be ignored.
VI. POST-NEWTONIAN APPROXIMANTS
For quasicircular inspiralling binaries, the GW signal at leading PN order takes the form given in Eq. (2.3). Neglecting corrections to the waveform amplitude that scale as O(e t ) and higher [cf. Eq. (A4)], our low-eccentricity waveforms take the same (quasicircular) form. What remains is a determination of the orbital phase φ(t). In the quasicircular limit (and in the adiabatic approximation-i.e., the assumption that the orbital time scale is much shorter than the radiation reaction time scale), the phase evolution is governed by the following differential equations, The resulting contribution to the GW phasing is small for low eccentricity.
where in this section we express quantities in terms of the relative orbital velocity parameter v = ξ 1/3 φ = (πM f ) 1/3 . In the above, F(v) is the gravitational-wave luminosity (often referred to as the energy flux), and E(v) is the orbit energy. Different approaches for solving these differential equations are referred to as different PN approximants (see e.g., Ref. [121] and references therein, which we follow in this section).
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For eccentric orbits, the orbital phase includes the oscillatory terms in Eq. (5.1) above. However, as we have argued in Sec. V, the oscillatory terms contribute 0.2 rad for e 0 0.1. Assuming this is an acceptably small error, we can ignore these oscillatory terms. In this limit, Eqs. (6.1) carry over unchanged to the case of small-eccentricity binaries if we take φ → φ = λ (recall that we are dropping overbars on secularly varying quantities). The oscillatory effects encapsulated in W could be incorporated into the PN approximants by adding terms equal to dW/dt and
dt 2 to the right-hand sides of Eqs. (6.1a) and (6.1b), respectively. This will be considered in future work.
We note that the above equations imply that two initial conditions must be supplied: φ(t 0 ) and v(t 0 ) [or equivalently f (t 0 )], along with the binary masses and the eccentricity e 0 at a reference frequency f 0 . However, for arbitrarily elliptical orbits, one must specify an additional parameter-equivalent to the argument of pericenter -which determines the orientation of the ellipse that is momentarily tangent to the orbit. Toward the end of Appendix A we discuss how a parameter like enters the waveform and how it relates to the constants c l and c λ . This parameter does not enter our approximants for two reasons: (i) since we ignore O(e t ) and higher corrections to the polarization amplitudes, we need only to evolve the phase variable φ(t) [and can ignore the other phase variable l(t)]; (ii) furthermore, because we ignore the oscillatory corrections to φ(t) that arise from W (l), the dependence on the initial orientation of the ellipse (which enters via c l ) drops out of our waveforms completely.
In the remainder of this section, we derive the small-eccentricity extensions to the standard PN approximants to 3PN order, starting with appropriate expressions for the orbital energy and GW luminosity. Most of these approximants can also be derived following the procedure outlined in Sec. IV D. The approximants presented here were derived via both approaches and cross-checked by at least two of the authors. In this section, our goal is to provide a derivation that does not require understanding a significant amount of the "context" provided by the quasi-Keplerian formalism. The 3.5PN-order circular terms were not derived here nor in Sec. IV D but can be found in Ref. [121] ; for completeness, we added those terms to our expressions below.
A. 3PN energy, energy flux, and TaylorT1
The TaylorT1 approximant is obtained by numerically solving Eqs. (6.1) without expanding the ratio in Eq. (6.1b). To compute this (and the other approximants), we require expressions for the orbital energy and GW luminosity (energy flux). These are given in ADM gauge in Eqs. (6.5a) and (7.4a) of Ref. [92] As it is explicitly needed to compute the TaylorT1 approximant, we also list here the derivative dE/dv: . (6.4) 
B. TaylorT2
The TaylorT2 approximant is obtained by series expanding the ratio in Eq. (6.1b) to the appropriate PN order. One then analytically obtains a parametric solution for the phase [ φ (v), t(v)] by integrating
Expanding to 3PN order and O(e 2 0 ), the resulting solutions are , (6.6b) . (6.7b)
The TaylorT3 approximant is obtained by performing a series reversion of t(v) to obtain v(t). This is then used to compute the phase as an explicit function of time,
. This procedure is equivalent to the derivation of Eqs. (4.21) and (4.27). Here, we express the result in terms of the notation used in Ref. [121] . They introduce a parameter θ which is related to our τ by
. Our low-eccentricity equations for the time evolution of the fundamental gravitational-wave frequency F ≡ ξ φ /(πM ) = f and the secular piece of the orbital phase φ then become In the above, θ 0 is the dimensionless reference time defined by e t (θ 0 ) = e 0 (analogous to τ 0 in Sec. IV D). The TaylorT3 approximant has been shown to behave very differently from the other approximants. It displays a nonmonotonic frequency evolution (the orbital frequency starts to decrease before the ISCO is reached; see Fig. 1 of Ref. [121] ). It also has worse overlaps with an EOBNR model in comparison to the other approximants [121] . We have performed our own comparison by examining the frequency evolution as a function of time for TaylorT1, TaylorT3, and TaylorT4 (defined in the next section). While all three agree well at early times (large orbital separations), as the ISCO is approached, TaylorT3 deviates substantially from the other two approximants (which remain close to each other). In fact, TaylorT3 diverges before the Schwarzschild ISCO frequency is reached. This behavior remains when the comparison is performed by truncating the series at different PN orders; it is present for small and large mass ratios. In contrast, TaylorT1 and TaylorT4 remain relatively close to each other for all PN orders and are finite at the ISCO. We also observe the nonmonotonic behavior reported in Ref. [121] : for some PN orders, TaylorT3 reaches a peak frequency and decreases before the ISCO. TaylorT1 and TaylorT4 display a monotonically increasing frequency. For these reasons we recommend that the TaylorT3 approximant should not be used in practical applications. We include it here only for completeness.
D. TaylorT4
In the TaylorT4 approximant, the right-hand side of Eq. (6.1b) is series expanded; the resulting system (6.1) is then solved numerically. Our low-eccentricity equation for dv/dt is equivalent to substituting ξ φ → v 3 and ξ φ,0 → v Unlike the previous time-domain approximants, TaylorF2 is a frequency-domain approximant consisting of the phase of the Fourier transform of the GW signal evaluated in the stationary-phase approximation (SPA). Working at 0PN order and O(e 0 t ) in the waveform amplitude significantly simplifies the calculation as one can begin with Eqs. (2.3) (which contain no harmonics beyond the fundamental GW frequency). Accounting for the antenna patterns F +,× of the detector allows us to write the GW signal in the form
where
and (6.12)
(Recall that C = cos ι with ι the inclination angle.) To compute the Fourier transformh
via the SPA, we first use cos Φ = (e iΦ + e −iΦ )/2 to splith(f ) into two integrals,
where ϕ ± = 2πt ± Φ(t)/f . Here, f represents the observed GW frequency (which for general orbits is not the same as twice the azimuthal orbital frequency [i.e., in this section, we initially assume f = ξ φ /(πM )]. The method of stationary phase can then be used to compute integrals of the form [122] 
For large values of the parameter f , the integrand oscillates rapidly and causes large cancellations when integrated.
[Integration by parts shows that this integral scales like I(f ) = O(1/f ) ifφ = 0.] The SPA relies on the fact that the integral (6.15) is dominated by contributions near times when the ϕ ± are stationary (φ ± = 0). This is equivalent to the statemenṫ λ +Ẇ = ∓πf .
(6.17)
Becauseλ > 0, in the quasicircular limit (Ẇ = 0), it can be shown that ϕ + has no real stationary points for positive f , while ϕ − has a single stationary point at t = t 0 given by 2πf = dΦ/dt(t 0 ). WhenẆ = 0, the conditioṅ ϕ + = 0 is satisfied for f > 0 provided thatẆ < −λ. A numerical investigation indicates that this is safely satisfied for low-eccentricity waveforms (e t 0.3) but not for large eccentricity ones. Because the ϕ + contribution to the integral has no stationary points in the low-eccentricity limit, the rapidly varying phase results in a near perfect cancellation when that part of the integral is evaluated. For this reason, the first integral in Eq. (6.15) can be ignored. However, if ϕ(t) is roughly constant over some interval (as is the case for ϕ − ), then there will be less cancellation, and most of the value of the integral will come from the region near t = t 0 whereφ(t 0 ) = 0. Using this fact, the second integral in (6.15) can be evaluated by Taylor expanding the phase function ϕ − about its stationary point:
2 + · · · . Note that, while ϕ − has a single stationary point t 0 in the quasicircular case, when eccentricity oscillations are included ϕ − acquires multiple stationary points (even for low values of e t ). Because of this, eccentric waveforms cannot be strictly treated in the SPA approximation. However, when eccentricity is small, the effect of the oscillatory terms encapsulated in W is to add a rapid but small oscillation to ϕ − . These oscillations are on a much shorter time scale than the evolution of ϕ − near the stationary point, so they are essentially averaged away when the integral is performed. The quadratic order Taylor expansion of ϕ − given above remains an accurate approximation for the small eccentricities we consider here. We will explore these issues in more detail in a future work; at the level of accuracy suitable for our present purposes, we set W → 0 and proceed as in the quasicircular case.
Substituting the above expansion for ϕ − , the Fourier transform then becomes 18) where f ϕ − (t 0 ) = 2πf t 0 − Φ(t 0 ) and fφ − (t 0 ) = −Φ(t 0 ). Since the orbital frequency is monotonically increasing (when ignoring orbital time scale oscillations due to W ),Φ > 0, and the integral is convergent. The integral can be evaluated using
The Fourier transform then becomes
where we have used i −1/2 = e −iπ/4 . The function t 0 (f ) is determined by the stationarity condition 2πf =Φ(t 0 ).
19 Note also that the function h(t) must additionally satisfy the following conditions [123] : i) its amplitude must vary slowly compared to the phase,Ȧ/A Φ , so that the amplitude can be approximated as nearly constant near the stationary point, and ii) the phase must satisfyΦ Φ2 , which guarantees that the phase does not vary too quickly and that a real stationary point exists. These conditions are satisfied provided the eccentricity is small and the binary is not too close to its last stable orbit. Detailed discussion of the validity of the SPA and corrections to it can be found in Refs. [124, 125] . 20 If the phase has more than one stationary point, then this procedure can be repeated at each point and the resulting integrals summed. where 25) and φ ≈ λ in the above equation (i.e., we are ignoring all oscillatory terms). Using Eqs. (6.7) and (6.6) for t 0 and φ and simplifying, we arrive at our final result for the SPA phase, The first quantity we compute is the number of GW cycles in the time-domain waveform as the signal sweeps from an initial frequency f 1 to a final frequency f 2 ,
where λ = φ is given by Eqs. (6.6) . Notice that this is simply twice the number of (azimuthal) orbits. The initial frequency f 1 is taken to be 10 Hz for LIGO (an estimate of the seismic cutoff for the final design sensitivity) and one year or one month before the ISCO frequency for eLISA sources. The latter is computed via
where δt is the time before the ISCO frequency and τ rr,isco = (5/256)η
. (This 0PN-order formula for the initial frequency assumes circular orbits and makes a few percent error in the initial frequency.) The reference frequency f 0 entering all the PN approximants is set equal to f 1 . The termination frequency f 2 is taken to be 1000 Hz for NS/NS systems (in between the tidal disruption and last-stable-orbit frequencies) and the Schwarzschild ISCO f isco = (6 3/2 πM ) −1 for all other sources. These choices are made for simplicity and to conform with standard practice for comparing the sizes of different PN terms (see, e.g., Refs. [126, 127] ). The results are shown in Tables III, IV , and V for LIGO and eLISA sources, where each row shows the contribution to ∆N cyc from each PN order. The eccentric contributions are for an initial eccentricity e 0 = 0.1; those numbers can be scaled to other values by multiplying by (e 0 /0.1)
2 . In computing these numbers, we made use of the following constants:
3) 1 yr = 3.1557600 × 10 7 s , (7.4)
1 M = 4.925491025 × 10 −6 s , (7.5) = 1.4766225061 km .
(7.6)
The quantity ∆N cyc above represents the simplest approach for assessing the importance of PN phase corrections. Alternative (but more computationally difficult) methods include the computation of waveform overlaps, fitting factors, or systematic parameter estimation errors (the latter being of greatest observational significance). We leave analysis via these methods to future work. Instead, we investigate two additional methods that are comparable in simplicity to Eq. (7.1).
The first is the difference ∆N cyc,Ψ in the number of accumulated GW cycles computed via the SPA phase Ψ of the waveform's Fourier transformh(f ). This quantity provides a better representation of the importance of PN corrections than ∆N cyc because it is Ψ which directly enters the inner product between a GW signal and a template waveform. For example, consider a "true" GW signal h T with Fourier transform of the formh T = A 0 e i(Ψ0+δΨ) . Suppose an approximate search template h AP has the Fourier transformh AP = A 0 e iΨ0 . The template differs from the true signal by an unmodeled PN phase correction δΨ. A straightforward calculation shows that the standard noise-weighted inner product between h T and h AP is
where S n (f ) is the detector noise spectral density. The above expression indicates that a phase error δΨ ∼ π rad will cause a near cancellation in the inner-product integral, leading to a significant loss in template overlap. It is thus errors in the SPA phase (not twice the orbital phase 2φ) that more directly impact GW data analysis. One approach to quantifying these SPA phase errors that is analogous to Eq. (7.1) is to define the quantity 21 The kilometer-second relation comes from the definition c = 1 = 299 792 458 m/s [128] . The year is taken as the Julian year which is precisely 365.25 days, with one day = 86400 s [129] . The relations involving the solar mass come from the value GM = (1.32712442099× 10 20 ± 1 × 10 10 ) m 3 /s 2 in Barycentric Coordinate Time (TCB) [129] . This is the value used by the LIGO Algorithms Library (LAL). Using Barycentric Dynamical Time (TDB) would cause a difference in the seventh decimal place of Eq. (7.5). 22 The use of this particular metric for waveform errors is less common in the literature. A version of it was brought to our attention bý E. Flanagan [19, 130] .
In Ref. [124] , an alternative measure called the number of useful cycles ∆N useful was introduced. 23 This effectively weights the number of cycles according to their contributions to the signal-to-noise ratio (SNR). To define this quantity, we first note that Eq. (7.1) can be expressed in the form
The SNR ρ is defined via
This can be expressed in terms of dN cyc /df using the fact that |h( (6.20) and the associated discussion]:
If we define the weight function 13) we see that the SNR ρ is simply ∆N cyc appropriately weighted by W(f ). This leads us to define the number of useful cycles according to
While our notation and method of presentation differ from Sec. IIB of Ref. [124] , our Eq. (7.14) for ∆N useful is completely equivalent to their Eq. (2.24). Here, we tried to make clear the connection between ∆N cyc and ∆N useful . Note that if the weight function W → 1, then ∆N useful → ∆N cyc /[ln(f 2 /Hz) − ln(f 1 /Hz)]. However, the definition in Eq. (7.14) is problematic in that it allows the number of useful cycles to vastly exceed the number of (actual) cycles. This is especially apparent for EMRI sources. Considering this, we suggest that a more appropriate definition of the useful cycles incorporates the following normalization: From examining these tables, we can make the following observations: (a) Following standard expectations, the 0PN eccentric correction is always negative. Eccentricity therefore reduces the overall number of cycles and causes binaries to merge faster.
TABLE III. Post-Newtonian contributions to the number of gravitational-wave cycles ∆Ncyc, ∆Ncyc,Ψ, and ∆N norm useful for compact-object binaries in the LIGO band. The first column lists the post-Newtonian order and the type of term: "(circ)" refers to the quasicircular contributions at that PN order, and "(ecc)" refers to the leading-order eccentric PN terms that are computed here. The initial frequency f1 is the seismic cutoff for Advanced LIGO (10 Hz). The final frequency f2 is the ISCO frequency for systems involving BHs and 1000 Hz for NS/NS binaries. The numbers in the "(ecc)" rows assume an initial eccentricity e0 = 0.1 at f0 = f1. These values can be scaled to other values of e0 by multiplying by (e0/0.1) 2 . All numbers are rounded to at least three significant digits. (b) For all cases examined, the circular PN corrections are non-negligible (even at the highest PN orders known). This suggests the possibility of systematic parameter biases if only 3.5PN-order circular templates are used. This issue was examined in more detail in Ref. [11] .
25
(c) For LIGO band binaries, the importance of the various eccentric PN corrections depends on which measure one uses. ∆N cyc becomes 1 at the level of the 2.5PN eccentric terms, while ∆N cyc,Ψ is not similarly small until 3PN order is reached. The same conclusion holds for SMBH binaries. However, for LIGO band binaries ∆N norm useful becomes clearly negligible for 2PN eccentric terms, while for SMBH binaries, that measure is clearly very small even for the 0PN-order eccentric term. This does not suggest that small initial eccentricities in SMBH binaries are undetectable. Rather, this is an artifact of the several-orders-of-magnitude difference between the minimum of the eLISA sensitivity curve and the value of the sensitivity at f 1 . In other words, most of the "useful" cycles are accumulated near the minimum of the noise curve; the binary eccentricity has been significantly reduced before those frequencies are reached. But this does not mean that a strong SNR source would not have observable eccentric effects. Because it does not account for the overall strength of the signal, the number of cycles (even when weighted by the detector response as in ∆N norm useful ) is an imperfect measure of the detectability of a particular PN effect. The various δN provide an indication that an effect is important when δN O(1), but ambiguity can be introduced when the different δN differ significantly. Parameter estimation errors from neglecting a PN effect provide a more effective measure (although with some increase in computational complexity) [11] .
(d) For comparable-mass binaries and for eccentricities e 0 0.1, the eccentric PN terms indicate convergence in the sense that higher-order eccentric PN corrections are smaller than lower-order ones. This suggests that 3PN-order eccentric terms are sufficient to treat low-eccentricity, comparable-mass systems.
(e) For EMRI systems, it is clear that the PN series has not converged (as is well known). This holds for both the circular and eccentric terms for all the measures indicated. We also note that the tail terms are especially large for EMRI systems.
(f) The normalized useful cycles for EMRIs is often comparable to (and in a few cases larger than) the number of cycles for a given PN term. This is likely due to the fact that EMRI systems accumulate many cycles even in regions of frequency space far from the minimum of the detector noise curve. (In effect, all the cycles are useful for these systems). We note that if we had used the standard definition [Eq. (7.14)], ∆N useful would far exceed ∆N cyc for the two EMRI systems involving a 10 6 M SMBH. 
VIII. COMPARISON WITH LARGE-ECCENTRICITY FORMULAS
Since the primary results of this work are analytical expressions for the PN approximants in the low-eccentricity limit, it is helpful to determine the range of eccentricities for which these expressions are valid. To do this, we compare our O(e 2 0 ) analytic expression for the orbital phase φ(f ) = λ(f ) [Eq. (4.26) or (6.6)] against a numerical solution that is valid for arbitrary e 0 < 1. (We neglect oscillatory pieces of the phasing which were investigated in Sec. IV A.) For simplicity (and since we only wish to test the low-eccentricity approximation), we perform the comparison using only 2PN-order accurate expressions.
The numerical phase evolution for the secular phasing as a function of frequency is determined by the following system of ODEs, . We show three groups of sources that correspond to those studied in Tables III, IV , and V (using the same frequency ranges discussed there). LIGO-band sources are shown in blue, SMBH binaries in red, and EMRIs in black. δNgw ∼ 1 roughly represents where the phase error becomes significant and our approximation breaks down.
Ref. [17] ) were then substituted forξ andė t . Lastly, ξ was replaced with ξ φ via Eq. (3.10) and the result was PN expanded in ξ φ . Using the substitutions ξ φ → (πM f ) and ξ φ,0 → (πM f 0 ), we numerically integrated Eqs. (8.1) over a frequency interval f ∈ (f 1 , f 2 ) for various fiducial LIGO and eLISA sources, using λ(f 1 ) = 0 as our initial condition and setting f 0 = f 1 . (Appendix B discusses how we approximated the tail terms.) We then calculated the difference in the number of in-band GW cycles between our numerical solution λ num and the analytical formula λ anl in Eq. (6.6),
The results are plotted in Fig. 4 for the same binary systems and frequency ranges considered in the previous section. Using the criterion that phase errors should satisfy δN gw 1, the plot indicates that the small-eccentricity approximation is valid if e 0 0.06-0.15 for comparable-mass systems and e 0 0.005-0.01 for EMRI systems. In addition to the 2PN-order comparison, we have also performed the comparison using only 0PN, 1PN, and 1.5PN accurate expressions (in both the analytical and numerical parts). The resulting phase errors δN gw show the expected convergence behavior for PN series as the PN order is increased. For the systems investigated above, the fractional error between the 2PN and 1.5PN calculation of δN gw at the value where the 2PN δN gw (e 0 ) ≈ 1 varies from ∼ 1% (comparable-mass systems) to ∼ 10% (EMRI systems). This gives us confidence that including 3PN corrections (for which the evaluation of the tail terms becomes difficult) will not significantly change our assessment of the range of validity in e 0 for our low-eccentricity formulas.
IX. CONCLUSIONS AND DISCUSSION
Our main objective has been to reduce the complexity of fully eccentric waveforms to a level comparable to that of the standard circular PN approximants. This is achieved by working at O(e 2 0 ) in the secular GW phasing. The resulting low-eccentricity PN approximants are found in Sec. VI. 27 We have clearly illustrated how these results follow from a more general treatment, starting with fully eccentric formulas for the GW amplitude and phase (Sec. III and Appendix A). We provided enough detail for the reader to generate arbitrarily eccentric waveforms including all effects in the quasi-Keplerian formalism [15, 17] . We have also reexamined previous arguments [15] concerning the realm of validity of the quasi-Keplerian formalism and argue that it should be extendable to frequencies comparable to (but less than) circular waveforms, provided the eccentricity is small (Sec. III D) . While all of our results are expressed in terms of the eccentricity variable e t and the radial or azimuthal dimensionless frequencies ξ or ξ φ , we show in Appendix E how to replace e t in favor of the gauge-invariant periastron advance constant k.
Although we have focused on computing the secular contributions to the GW phasing via the various PN approximants, our work also contains the necessary formulas to fully describe both secular and oscillatory contributions to the orbit and waveform in terms of analytic functions of time or frequency [working to O(e 2 0 ); Sec. IV D and Appendix C]. Using these results, we have evaluated the relative importance of periodic contributions to the phasing arising from both (i) Newtonian orbital effects and (ii) perturbations from the radiation reaction force, with the latter being negligible (see Secs. IV A and V). The oscillatory terms in (i) do not exceed 0.07 GW cycles for e 0 = 0.1 at 10 Hz. While these oscillatory terms are small, they are comparable to the 2.5PN secular eccentric corrections to the phasing that we compute here. It is not entirely clear that these oscillatory terms are completely negligible, and their effect on parameter estimation will be investigated in future work. [For large eccentricities e 0 ∼ O(1), oscillatory terms will contribute ∼ O(1) GW cycles.] We have also briefly discussed how these oscillatory terms can be included in the time-domain low-eccentricity PN approximants (Sec. VI).
In addition to the secular approximation, our PN approximants ignore O(e 0 ) corrections to the waveform amplitude (i.e., we treat the amplitude as circular). Our low-eccentricity approximation has been tested by comparing the orbital phase to a numerical calculation valid for any eccentricity; our analytic expressions are valid up to e 0 0.1 (the precise upper limit depends on the specific system and one's accuracy threshold).
The relative importance of the low-eccentricity PN corrections to the secular phasing is quantified in Sec. VII and Tables III, IV, and V for various compact binary sources. There, we investigated three measures for gauging the importance of each PN term, including an improved version of the useful cycles contribution introduced in Ref. [124] . Except for EMRI systems (for which the PN series is known to converge very slowly), our 3PN-order phase corrections are likely to be sufficient for any low-eccentricity binary with comparable masses.
While compact-object binaries observable by ground-based detectors are likely to be nearly circular, binaries with a small eccentricity are more likely than those with a large one. The low-eccentricity case-despite its obvious limitations-is thus of compelling interest. Our expressions also have the advantage of being relatively simple (only slightly more complex than for circular binaries); they will thus be useful for situations where computational speed is a priority (e.g., parameter estimation). While we have focused on compact binaries relevant to LIGO and eLISA, these results may be applicable to modeling very low-frequency SMBH binaries that could be sources for pulsar timing arrays (PTAs). Eccentricity effects will also be important for third-generation ground-based detectors (such as the Einstein Telescope [139] ), where systematic errors from ignoring eccentricity can easily swamp statistical errors [11] .
Additionally, many of the explicit expressions that we derive could be useful for numerical relativity (NR) or gravitational self-force (GSF) calculations. In both of those areas, it has been fruitful to compare numerical calculations with PN results (e.g., Refs. [24, 25, 28, 30, 119, 140] ). We provide the needed formulas to enable these comparisons (including orbital variables and waveform phasing as explicit functions of frequency or time). The conversion of our results to a set of gauge-invariant variables (Appendix E) might be helpful in this regard.
In the case of NR, our results could also be useful for reducing the initial eccentricity in binary merger simulations [104, [141] [142] [143] [144] [145] [146] [147] [148] [149] . For example, eccentricity removal typically involves fitting NR data to Newtonian-order expressions that depend on r(t), φ(t), or their derivatives. Small eccentricities in NR simulations might be reduced more efficiently by instead fitting to some of the explicit analytic expressions provided here.
Lastly, our work could be useful for attempts to extend recent phenomenological inspiral-merger-ringdown (IMR) waveform templates [31] [32] [33] [34] [35] [36] [37] to eccentric binaries. Our extension to the SPA/TaylorF2 approximant could be easily added on to the existing framework used to treat the inspiral portion of the analytic IMR models. This may be useful for parameter estimation of compact binaries that have both their inspiral and merger in the detector's frequency band. Equations (A4) provide the Newtonian-order waveform as a function of e t , ξ, l, and φ. (Note that unlike the amplitude, the phases l and φ are not yet restricted to any PN order or expansion in e t .) Expressed in this way, the polarizations contain three types of terms proportional to expressions of the form A 1 (e t ) cos(2φ + α 1 ), A 2 (e t ) cos(jl + α 2 ), and A 3 (e t ) cos(2φ ± jl + α 3 ). Here, the A i (e t ) represent amplitude terms which depend also on the orbital inclination and satisfy A 2 (e t = 0) = A 3 (e t = 0) = 0. The α i represent phase constants and j = 1, 2, 3 . . .. These three different terms correspond to components of the signal with respective frequencies 2(1 + k)n, jn, and [2(1 + k) ± j]n. The signal power in these different harmonics is determined by the functions A i (e t ). For nonevolving orbits (no radiation reaction), the explicit phasing as a function of time is determined by l = n(t − t 0 ) + c l and λ = (1 + k)n(t − t 0 ) + c λ . Note that in addition to the two intrinsic constants of the motion n and e t , one must also specify two extrinsic constants corresponding to the phase variables c l and c λ . Unlike circular waveforms which contain one phase function (and an associated reference phase constant), eccentric waveforms depend on two evolving phase functions l(t) and φ(t); the constants (c l , c λ ) set the values of those phases at some reference time t 0 . These two extrinsic constants are equivalent to specifying the argument of periastron and the initial orbital phase φ(t 0 ) (see Fig. 1 ). Given the constants [ , φ(t 0 )], the constants (c l , c λ ) are then determined by numerically solving the equations = c λ − (1 + k)c l , (A5) φ(t 0 ) = c λ + W (l = c l ).
The above follow from Eqs. (3.2) along with the fact that the argument of periastron corresponds to the angle φ = when l = v = u = W = 0. In the Newtonian limit, these equations simplify slightly because k → 0, but they still must be solved numerically or via a series expansion. In the limit of circular (but post-Newtonian) orbits, W → 0 and one finds that c λ = φ(t 0 ) and c l = [φ(t 0 ) − ]/(1 + k). However, c l becomes irrelevant as any dependence on l(t) drops out of the expressions (A4) in the e t → 0 limit. In this paper, we consider only O(e 0 t ) terms in the amplitude [but O(e 2 t ) in the phasing]. In that case, any explicit dependence on l(t) (and hence c l ) again drops out of the expressions for h +,× in (A4), yielding Eqs. (2.3). However, since φ(t) = λ(t) + W [l(t)], a dependence on c l enters the oscillatory piece of the phasing via W (l) (see, e.g., Sec. V). If we ignore those oscillatory contributions to the phasing (as we do when deriving the PN approximants in Sec. VI) then dependence on c l drops out completely, and only one phase constant (equivalent to c λ ) enters our expressions.
In this Appendix, we have so far neglected radiation reaction. If it is present, then ξ and e t will evolve secularly according to Eqs. (B1), supplemented by (much smaller) periodic correction termsξ andẽ t that vary on multiples of the orbital time scale (Sec. IV A). The evolution of the phase variables l(t) =l(t) +l(t) and φ(t) =λ(t) +λ(t) + W (t) is governed by the ODEs
which must be solved numerically along with the secular evolution equations (B1) and the initial conditionsl(t 0 ) =c l andλ(t 0 ) =c λ [these are related to and φ(t 0 ) as above]. The numeric solutionsl(t) andλ(t) are then combined with the semianalytic periodic components W ,λ,l,c l , andc λ (the latter four quantities provide relative 5PN corrections and can be ignored for our purposes). In the main text, we focus on solving Eqs. (A7) analytically in terms of ξ φ rather than ξ and including only terms to order O(e . However, the quantities n and k have expressions in terms of E and h that do not depend on the coordinate system; these quantities are gauge invariant. Likewise, the related quantities ξ, ξ φ , K = k + 1, as well as E and h themselves, are also gauge invariants.
To obtain a gauge-invariant form for the expressions derived in this paper, it is necessary to eliminate e t and to express our results in terms of k and either ξ or ξ φ . The relation e t = e t (k, ξ) can be derived from Eqs. (25d) and (28) of Ref. [16] . 29 These provide e ξ φ,0 = (πM f 0 ). This constant could be replaced with a value k 0 corresponding to the periastron advance rate at the reference frequency. However, we feel that it is more sensible to parametrize our waveforms in terms of quantities that have simple physical interpretations in the Newtonian limit.
